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Abstract
Simple exact solutions presented here describe the universes which spatial
geometries are asymptotically homogeneous and isotropic near the initial singu-
larity, but which evolution goes under the influence of primordial magnetic fields.
In all these “deformed” Friedmann models (spatially flat, open or closed), the ini-
tial magnetic fields are concentrated near some axis of symmetry and their lines
are the circles – the lines of the azimuthal coordinate ϕ. Caused by the expansion
of the universe, the time-dependence of a magnetic field induces (in accordance
with the Faraday law) the emergence of source-free electric fields. In comparison
with the Friedmann models, the cosmological expansion goes with acceleration
in spatial directions across the magnetic field, and with deceleration along the
magnetic lines, so that in flat and open models, in fluid comoving coordinates,
the lengths of ϕ-circles of large enough radius or for late enough times decrease
and vanish for t→∞. This means that in flat and open models, we have a partial
dynamical closure of space-time at large distances from the axis, i.e. from the
regions where the electromagnetic fields in our solutions are concentrated. To
get simple exact solutions of the Einstein-Maxwell and perfect fluid equations,
we assume for the perfect fluid (which supports the isotropic and homogeneous
“background” Friedmann geometries) rather exotic, stiff matter equation of state
ε = p. However, it seems reasonable to expect that similar effects might take
place in the mutual dynamics of geometry and strong electromagnetic fields in
the universes with more realistic matter equations of state.
Keywords: gravitational and electromagnetic fields, Friedmann cosmological models, Ein-
stein - Maxwell equations, stiff fluid, exact solutions
∗e-mail: G.A.Alekseev@mi.ras.ru
1
Introduction
Our physical intuition often occurs very helpful in solving many problems of mechan-
ics as well as theoretical and mathematical physics which can be considered in the
framework of Newtonian mechanics or relativistic mechanics and electrodynamics in
Minkowski space-time. However, it is much more difficult to adapt our intuition to the
cases in which various physical phenomena take place in curved space-times, in strong
gravitational, electromagnetic and other matter fields, when the behaviour of these
fields is governed by more complicate nonlinear equations of Einstein’s General Rel-
ativity, which implies that the space-time geometry together with matter fields takes
part in their mutual dynamics. In these cases, a great help for better understanding
of this context in general can arise from consideration of some very simple exact so-
lutions and corresponding idealized models which can be analyzed in detail providing
us with useful information about qualitative behavior of gravitational, electromagnetic
and other matter fields and their interactions in arbitrarily strong field regime.
In this paper, we constructed some very simple models describing the evolution
of the universes under the influence of electromagnetic fields. There is a number of
cosmological solutions with homogeneous time-dependent magnetic fields, which can
be found in the literature of different years, e.g. in [1]–[5]. Rather detailed survey of
exact solutions for inhomogeneous cosmological models, including some models with
magnetic fields was given later by Krasinski [6].
The main features of the solutions, presented below, are that their spatial geometries
at the very beginning of the cosmological expansion asymptotically are homogeneous
and isotropic, but these include some primordial vortex magnetic fields which are regu-
lar everywhere and which lines of force are the circles. In these solutions, the influence
of electromagnetic fields on the geometry and its dynamics is negligible near the cos-
mological singularity, however, at later stages of the evolution, this influence becomes
more “observable” and causes a development of large scale inhomogeneities. To sim-
plify our models and to be able to construct the exact solutions for a complete system
of the Einstein - Maxwell and perfect fluid equations, we have assumed for the perfect
fluid which supports the isotropic and homogeneous “background” Friedmann geome-
try, rather exotic stiff matter equation of state ε = p. However, it seems reasonable to
expect, that the similar effects can take place in the mutual dynamics of geometry and
electromagnetic fields in the universes with more realistic matter equations of state.
For a construction of solutions which we are interested in, we refer first of all, to
the observation of Belinski [7] who showed that for the fields with two commuting
isometries, the presence of a stiff perfect fluid does not change the dynamical part of
Einstein’s field equations (the projections of Einstein equations on the Killing vectors)
which coincide completely with dynamical equations for vacuum. The perfect fluid
parameters enter only the remaining part of the Einstein equations (“constraint equa-
tions”). Hence, for construction of solutions for this system, various methods can be
used which were developed earlier for solving pure vacuum Einstein equations with two-
dimensional symmetries. First of all, we mention here the inverse scattering approach
and soliton generating technique of Belinski and Zakharov [8] and its application in the
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present context in [7]. It is easy to see, that the same is true in the space-times with
two commuting isometries, where besides gravity a stiff fluid and electromagnetic fields
are present. Therefore, the symmetry reduced Einstein-Maxwell and stiff perfect fluid
equations obviously are also integrable and for solving this system we can apply the
corresponding inverse scattering methods and the soliton generating technique as well
as the integral equation methods developed long ago for constructing electrovacuum
solutions [9] - [11] (a short survey of different methods can be found in [12]). However,
we follow here a different way (the motivation is given in the last section of this paper).
In this paper, we consider the system of Einstein - Maxwell and stiff perfect fluid
equations for the class of fields which possess only one space-like Killing vector field, i.e.
for the field configurations which metric components, electromagnetic vector potential,
energy density and 4-velocity of the fluid depend on three of the four space-time coor-
dinates – the time and two spatial coordinates. The dynamical part of these equations
also coincides with the dynamical equations for electrovacuum Einstein - Maxwell fields
with one Killing vector. Therefore, we can use for Einstein-Maxwell and stiff perfect
fluid equations the solution generating methods (based on the internal or “hidden”
symmetries of these equations) which were used earlier for electrovacuum Einstein -
Maxwell equations. Though this last mentioned system has not been found to be inte-
grable, it is known that it can be presented in the form of generalized Ernst equations
for two complex Ernst-like potentials. These equations admit some symmetry transfor-
mations which constitute the 8-parametric SU(2, 1) group [13] - [15]. Therefore, these
are also the symmetry transformations of the system of Einstein - Maxwell and stiff
perfect fluid equations with one space-like Killing vector field. For our present purposes
we use a particular type of electrovacuum SU(2, 1)-symmetry transformations which
were discovered earlier by Harrison [16]. These transformations allow to generate from
the solutions for pure gravity (and with stiff perfect fluid solutions, in our case) the
corresponding solutions which include also some electromagnetic fields.
In the subsequent sections of this paper, we describe the three-dimensional Ernst-
like equations and the Harrison symmetry transformations for Einstein - Maxwell and
stiff perfect fluid equations for space-times with one Killing vector field. Also, we
describe in detail the properties of the solutions which arise as the result of applica-
tion of Harrison transformations to different types of the homogeneous and isotropic
Friedmann solutions with a stiff perfect fluid and with open, flat and closed spatial
geometries. A set of very simple solutions which arise in this way, show a number of
interesting phenomena which take place in the interaction of strong gravitational and
electromagnetic fields and which are described in the subsequent sections of the paper.
Some important remarks and comments are given in the “Concluding remarks”.
Friedmann cosmological models with stiff matter
The space-times with spatially isotropic and homogeneous distributions of matter (ideal
fluid) are described by one of the Friedmannn models with the metric
ds2 = a2(t)
[
dt2 − dχ2 − S2(χ)(dθ2 + sin2θdϕ2)] (1)
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where the function S(χ) determines one of three possible types of the geometry of these
models, in which the three-dimensional physical spaces can be opened, flat or closed
spaces of (spatially) constant curvature (evaluating, however, with time). The function
a(t) determines the dynamics of the model in accordance with the Einstein equations,
provided the matter equation of state is given. For stiff matter fluid (the equation of
state ε = p), the Einstein equations determine a(t), S(χ) and the energy density ε(t):

a(t) = a0
√
sinh(2t), S(χ) = sinhχ, k = −1
a(t) = a0
√
2t, S(χ) = χ, k = 0
a(t) = a0
√
sin(2t), S(χ) = sinχ, k = 1
and ε =
3a40
8πa6(t)
(2)
where k = −1, 0, 1 respectively for opened, flat and closed Friedmann models.
The Einstein-Maxwell and stiff fluid equations
To construct a new solutions, we consider the Einstein - Maxwell and stiff fluid equa-
tions in the absence of any charges and currents (i, k, . . . = 1, . . . , 4; γ = 1, c = 1):
Rik − 1
2
Rgik = 8π(T
(EM)
ik + T
(ε=p)
ik )
∇kFik = 0, ∇[iFjk] = 0,
(3)
where TEMik and T
(ε=p)
ik are the energy-momentum tensors of electromagnetic field and
stiff matter fluid respectively:
T (EM)ik = −
1
4π
[FilFk
l − 1
4
FlmF
lmgik], Fik = ∂iAk − ∂kAi
T
(ε=p)
ik = (ε+ p)uiuk − pgik, ε = p, ukuk = 1,
Here ε and p are respectively the energy density and pressure of a fluid and uk is a
4-velocity of a fluid. The equations (3) can be presented also in the form
Rik = 8π(T
(EM)
ik + 2εuiuk), ∇kFik = 0, Fik = ∂iAk − ∂kAi. (4)
Dynamical restrictions on the fluid motion
The dynamical equations of the fluid motion are determined by the conservation law
∇kT ik = 0 and can be reduced to the equations
∇k(
√
εuk) = 0, uk∇k(
√
εui) = ∇i√ε (5)
We assume also that the motion is curl-free, i.e. there exists a potential φ such that
√
εui = ∇iφ =⇒ ∇k∇kφ = 0, ε = ∇kφ∇kφ
and in this case, the equations of motion (5) are satisfied identically.
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Metrics admitting a Killing vector field.
Let us assume now that the space-time metric admits one time-like or space-like Killing
vector field ξi = δi4. Then it can be parameterized as follows:
ds2 = ǫ0H(dx
4 + Ωαdx
α)2 − ǫ0H−1 γαβ dxαdxβ,
ξi = δ4
i, ξi = ǫ0H{Ωα, 1}
(6)
where α, β, . . . = 1, 2, 3 and ǫ0 = ±1. The value ǫ0H is the norm of the Killing vector
field ξi so that ǫ0 = 1 for the time-like vector and ǫ0 = −1 for the space-like one; γαβ
is a (conformal) metric on 3-space orthogonal to ξi. The metric functions H ≥ 0, Ωα
and γαβ depend only on x
1, x2 and x3.
Kinematic restriction on the stiff matter configurations.
In what follows, we assume that there is no any motion of a stiff matter fluid along the
Killing vector field, i.e.
ξkuk = 0, ⇒ ǫ0 = −1, ξiξi = −H (7)
The last two of the equations (7) follow from the first one and from the condition that
uk is a time-like vector. In the coordinates in which the metric takes the form (6), the
components ui of 4-velocity of the fluid are
ui = {uα, 0}, ui = {Hγαβuβ, −HγγδΩγuδ}
where the matrix ‖γαβ‖ is inverse to ‖γαβ‖ and three components uα remain arbitrary.
However, in the above we assumed that the fluid motion possess a potential. This
implies that the potential φ is independent on x4 and the components of 4-velocity and
the energy density possess the expressions
ui = ε
−1/2{∂αφ, 0}, ui = Hε−1/2{γαγ∂γφ, −γγδΩδ∂δφ}, ε = Hγγδ∂γφ ∂δφ.
The Ernst-like form of the symmetry reduced field equations.
Using hi
j ≡ δij − (ǫ0H)−1ξiξj as a projector on the 3-space orthogonal to the Killing
vector, it is convenient to split the equations (4) into three (coupled to each other)
parts corresponding to the projections of the Ricci tensor
Rjlξ
jξl, Rjlξ
jhi
l, Rjlhi
jhk
l (8)
In the absence of a fluid, i.e. for electrovacuum Einstein - Maxwell equations, it is
known (see Neugebauer and Kramer [13], Israel and Wilson [14] and Kinnersely [15])
that the equations corresponding to the first two projections in (8), together with the
Maxwell equations, can be presented in the form which is a three-dimensional analogue
of the well known two-dimensional Ernst equations for space-times which admit two
commuting isometries. On the other hand, in the absence of electromagnetic fields, in
5
two-dimensional case of gravity with stiff matter fluid, Belinski [7] observed that the
stiff fluid does not give any input into the dynamical part of vacuum Einstein equations
if there is no any motion of this fluid along two commuting Killing vector fields. It
is easy to join these two observations and show that in three-dimensional case, in the
presence of both, electromagnetic fields and stiff matter fluid, if there is no any motion
of the stiff matter fluid along the Killing vector field, the field equations corresponding
to the first two projections in (8), together with the Maxwell equations, do not include
any input from the fluid and take exactly the same form as generalized Ernst equa-
tions [13] –[15] for electrovacuum space-times with one Killing vector field, while the
equations corresponding to the third projection in (8) lead to three-dimensional tensor
equations for the metric γαβ. As a result, we obtain a complete system

(ReE + ΦΦ)γαβ∇α∇βE = γαβ(∇αE + 2Φ∇αΦ)∇βE
(ReE + ΦΦ)γαβ∇α∇βΦ = γαβ(∇αE + 2Φ∇αΦ)∇βΦ
Rαβ[γ] =
(∇(αE + 2Φ∇(αΦ)(∇β)E + 2Φ∇β)Φ)
2(ReE + ΦΦ)2 −
2∇(αΦ∇β)Φ
(ReE + ΦΦ) + 16π∇αφ∇βφ
γαβ∇α∇βφ = 0
(9)
where a bar denotes a complex conjugation, ∇α is a covariant derivative with respect
to the 3-metric γαβ and Rαβ [γ] is the Ricci tensor for this metric. In contrast to the
two-dimensional case, the equations (9) are coupled: the unknown metric γαβ enters
the first two equations (9), while the Ernst potentials and their first derivatives enter
the “source” terms in the right-hand sides of the third, tensor equation.
The solution {E , Φ, γαβ} of the equations (9) allow to determine all components of
metric, electromagnetic potential, 4-velocity of the fluid and its energy density:{
ǫ0H = Re E + ΦΦ,
∂αΩβ − ∂βΩα = −ǫ0H−2εαβγIm
[
∂γE + 2Φ ∂γΦ
]
,{
A4 = ReΦ,
∂αAβ − ∂βAα = −Ωα∂βReΦ + Ωβ∂αReΦ−H−1εαβγ∂γImΦ,
ui = ε
−1/2{∂αφ, 0}, ε = H γαβ∂αφ ∂βφ .
(10)
Non-gauge symmetries of the dynamical equations (9)
Similarly to the electrovacuum case, the dynamical equations (9) can be written in a
complex vector form. For this, following [15], we introduce instead of two complex
potentials E(xα), Φ(xα), three unknown complex variables u(xα), v(xα) , w(xα) so that
E = u− w
u+ w
, Φ =
v
u+ w
.
Keeping in mind that we have a freedom to impose one more constraint on these three
new variables, we can write, in complete analogy with [15] the equations (9) in terms
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of a complex vector function Y A = {u, v, w} (A,B, . . . = 1, 2, 3) in the form

(Y C Y
C) γαβ∇α∇βY A − 2γαβ(Y C∇αY C)∇βY A = 0
Rαβ [γ] =
2Y AYB ∂(αY
A∂β)Y
B − 2(Y A Y A) ∂(αYB ∂β)Y B
(Y C Y C)2
+ 16πφ,αφ,β
γαβ∇α∇βφ = 0
(11)
where YA = ηABY
B with ηAB = diag{1, 1, −1}.
A beautiful property of the equations (11) is that these are invariant under the
linear transformation of the unknowns, provided it leaves the “metric” ‖η‖ invariant:
Y A → UABY B, γAB → γAB, φ→ φ
∥∥ UCA ηCD UDB = ηAB
where U = ‖UAB‖ is a constant complex matrix. The last of the equations just above
means that the matrices of these transformations constitute a group which can be iden-
tified with SU(2, 1). It is known, that the elements of this group can be parameterized
by eight independent real parameters [15]. Some of these parameters are pure gauge
ones, i.e. the corresponding transformations do not change the space-time geometry
as well as the properties of the matter fields, while the others can transform one so-
lution to a physically different one. In particular, such transformations can transform
static solution to a stationary one, the solution for waves with linear polarization to
a solution which includes the waves with different polarizations (the Ehlers transfor-
mations) or pure vacuum solutions to solutions with electromagnetic fields (Harrison
transformations [16]). The last one will be the most interesting for us farther.
Harrison transformation
Following [15], the Harrison transformation can be presented in the form
(u+ w)→ (u+ w)− 2c v − cc(u− w)
v → v + c(u− w)
(u− w)→ (u− w)
∥∥∥∥∥∥∥ U
A
B =


1− cc
2
−c cc
2
c 1 −c
−cc
2
−c 1 + cc
2

 (12)
This implies the following transformation of the Ernst potentials (everywhere below
“◦” denotes the values of potentials of the transforming solution):
E =
◦
E
1− 2c
◦
Φ− cc
◦
E
, Φ =
◦
Φ+ c
◦
E
1− 2c
◦
Φ− cc
◦
E
The corresponding transformation of H and the energy density take the form
H =
◦
H
|1− 2c
◦
Φ− cc
◦
E|2
, ε =
◦
ε
|1− 2c
◦
Φ− cc
◦
E|2
,
However, the transformations of the metric functions Ωα and the components of the
Maxwell tensor for electromagnetic field do not possess an algebraic character and these
can be determined from general expressions (10).
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Friedmann universes in terms of the Ernst potentials
Our purpose now is to apply the Harrison transformation described just above to the
Friedmann solutions (1)-(2). For this, we determine at first, the metric functions,
Ernst potentials and matter fields for solutions (1). For these solutions we choose
{x1, x2, x3, x4} = {t, χ, θ, φ} and therefore, the Ernst potentials and the metric on the
3-dimensional sections orthogonal to the Killing vectors are
◦
E = −a2(t)S2(χ) sin2 θ,
◦
Φ = 0,
γαβ = a
4(t)S2(χ) sin2 θ

1 0 00 −1 0
0 0 −S2(χ)

 .
Besides that, for other metric functions and a fluid potential we have
◦
H = a2(t)S2(χ) sin2 θ,
◦
Ωα = 0, φ =
√
3
32π
a20
a2(t)
,
where the functions a(t) and S(χ) were described in (2).
Friedmann universes deformed by electromagnetic fields
The Harrison transformation (12) of the Friedmann solutions (1)-(2) leads to the solu-
tions for Friedmann universes which metrics are deformed by electromagnetic fields:
ds2 = a2(t) Λ2
[
dt2 − dχ2 − S2(χ)dθ2
]
− a
2(t)
Λ2
S2(χ) sin2θdϕ2. (13)
The electromagnetic fields in these solutions are described by the real vector potential
A or, equivalently, by a complex scalar potential Φ of the form
A = −2H0a2(t)S2(χ) cos θ {S
′(χ)
S(χ)
,
a˙(t)
a(t)
, 0, 0 }, Φ = iH0a
2(t)S2(χ) sin2 θ
Λ
(14)
and the pressere and the energy density of the fluid possess the expressions
p = ε =
3a40
8πa6(t)Λ2
, where Λ = 1 +H20a
2(t)S2(χ) sin2 θ. (15)
Here the parameter c of Harrison transformation was chosen pure imaginary c = −iH0.
Another its choice (with cc = H20 ) would not change the metric (13) but it would lead
to a dual transformation of electromagnetic fields such that primordial electric field
also appears in the solutions.
Properties of Friedmann universes with electromagnetic fields
In the solutions (13), the metric and electromagnetic fields possess the axial symmetry
and depend on time and two spatial coordinates (concerning other symmetries of these
solutions see the “Concluding remarks” section).
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The initial singularity. The metric (13) possess an initial singularity at t = 0 which
is similar to that in Friedmann solutions (1). Near this singularity, i.e. for a(t)→ 0, we
have Λ → 1 and the metric (13) asymptotically becomes homogeneous and isotropic,
coinciding with Friedmann metric (1).
Electromagnetic fields measured by a local observer. In our solution, the components
of the Maxwell tensor possess the expressions:
F ik = − 2H0
a2(t)Λ4


0 cos θ −S
′(χ)
S(χ)
sin θ 0
− cos θ 0 a˙(t)
a(t)
sin θ 0
S ′(χ)
S(χ)
sin θ − a˙(t)
a(t)
sin θ 0 0
0 0 0 0


Using the metric (13), we introduce the orthonormal basis of one-forms
et̂ = Λa(t)dt, eχ̂ = Λa(t)dχ, eθ̂ = Λa(t)S(χ)dθ, eϕ̂ =
a(t)
Λ
S(χ) sin θdϕ
The projections of Maxwell tensor on this basis determine the stresses of magnetic and
electric fields measured by a local fluid comoving observer:
H χ̂ = 0, Eχ̂ =
2H0 cos θ
Λ2
,
H θ̂ = 0, E θ̂ = −2H0S
′(χ) sin θ
Λ2
,
H ϕ̂ =
2H0a˙(t)S(χ) sin θ
a(t)Λ2
, Eϕ̂ = 0.
(16)
The structure of primordial magnetic field. From these expressions, one can see
that in all models the magnetic field is vortex, it is completely regular everywhere
and its lines coincide with the closed coordinate lines of the azimuthal coordinate ϕ.
The magnitude of this magnetic field vanishes on the axis of symmetry θ = 0 and
θ = π, then it grows with the distant from this axis, reaches a maximum and for
larger distances it decreases and vanishes at another pole of 3-sphere in closed model
or vanishes asymptotically at spatial infinity in flat and open models. The spatial
structure of the magnetic field on a surface t = const is shown on the Figure 1.
The structure of induced electric field. In accordance with the Faraday law, the
time dependence of the magnetic field (caused by the cosmological expansion) induces
the emergence of a source-free and regular everywhere electric field which provides
the electric field flux through the magnetic field (ϕ-line) contours. The non-vanishing
components of the electric field are Eχ and Eθ and therefore, the spatial 3-vectors of
electric field are tangent to the two-dimensional surfaces ϕ = const. To understand
the structure of this field, we should find the lines of this vector field on these surfaces.
The equation for electric lines of force and its solution take the forms
dθ
dχ
=
F θt
F χt
= −S
′(χ)
S(χ)
tan θ ⇒ S(χ) sin θ = const.
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RΘ=0
j
Figure 1: The axisymmetric structure of the magnetic field in the solutions (13) – (16) is shown
here on the sections orthogonal to the axis (θ = 0, pi) on the space-like hypersurfaces t = const.
The arrows show the 3-vectors of the magnetic field which possess only one non-vanishing component
H ϕ̂ =
(
2a˙
a2
)
R
(1 +R2)2
, where R = H0a(t)S(χ) sin θ. The lines of force of this magnetic field are the
lines of azimuthal coordinate ϕ. The length of arrows characterizes the magnitude of magnetic field.
This solution shows that in the case of Friedman model with a flat spatial geometry the
electric field lines are the straight lines which are orthogonal to the circle ϕ-lines and
parallel to the axis θ = 0 and θ = π. In the case of open models, the topology of the
lines of electric field is the same, while the case of closed model is more interesting. In
this case, similarly to the lines of magnetic field, the lines of electric field are also closed
and they go along the parallels on the quasi-spherical surfaces with coordinates (χ, θ),
however, these parallels surround the axis which is orthogonal to the axis θ = 0 and
θ = π and to the magnetic field lines. These configurations of electromagnetic fields
are concentrated mainly in the cylindrical region near the axis of symmetry, resemble
very much the coil which turns represent the circle lines of the magnetic field and the
electric lines go inside of this coil parallel to its axis.
The electromagnetic input into the energy density. The expressions given above
show also that near the singularity the main input to the electromagnetic energy density
is given by the only non-vanishing component of the magnetic field which goes to
infinity as 1/t, while the electric field input is much less because its components remain
finite when t→ 0. This allows us to say that the role of primordial field in our solution
is played by the magnetic field and the electric field arises due to Faraday induction.
On the other hand, even the infinitely growing magnetic field makes the input into the
energy density which is much less than the energy density of the fluid: the former grows
as t−3 for t→ 0, while the value of the magnetic field input into the energy density is
of the order t−2. This allows the universe to be initially (for small t) homogeneous and
isotropic due to homogeneous and isotropic initial distribution of stiff fluid.
Behaviour of the space-time geometries in spatial directions. On the axis of sym-
metry (θ = 0, π) the metrics (13) at any time coincides with the corresponding metrics
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of Friedmann solutions without electromagnetic fields. An important deviation of the
geometry (13) from Friedmann one takes place in flat and open models at spatial in-
finity in the directions S(χ) sin θ → ∞. In the regions far from the axis θ = 0, π in
the open models, deviations from open Friedmann universes possess crucial character:
the spatial geometry asymptotically become closed in these directions. This closure of
spatial metric become evident because of the non-monotonous behaviour of the lengths
of the circles which are the coordinate lines of ϕ with growing their “radius” χ (the
length of these lines are determined by the value of
√−gϕϕ in (13)). Indeed, for small
enough values of χ (or, equivalently, of S(χ)) the lengths of these lines increase if χ
increases. However, for farther increasing of χ (with non-vanishing sin θ) the value
of Λ becomes proportional to S(χ)2 sin2 θ and therefore, gϕϕ is proportional there to
S(χ)−2 sin−2 θ and vanishes asymptotically at spatial infinity at these directions.
Spatial closure of Melvin and Bertotti-Robinson static magnetic universes. Partial
spatial closure of the geometry (13) described above resembles very much the spatial
closure of a static Melvin magnetic universe in spatial directions orthogonal to its axis
of symmetry. In Melvin universe, even though the value of magnetic field (parallel to
the axis of symmetry and constant along this axis) decrease with the distance from
this axis, the anisotropic electromagnetic stresses in this “bundle of magnetic lines”
are so strong that these cause the closure of the spatial geometry in the directions
orthogonal to the symmetry axis. Another example of such closure take place in the
static Bertotti-Robinson electromagnetic universe. The physical space of this universe
is filled by completely homogeneous (spatially constant) magnetic/electric field. In
this case, the closure of spatial geometry takes place even not at spatial infinity, but at
finite distance from the axis of symmetry. As a result, this model possess AdS2 × S2
space-time geometry (where AdS2 means two-dimensional Anti-de Sitter space-time),
so that the internal geometry on the sections (t = const, z = const) is homogeneous and
isometric to the metrics on the 2-spheres of constant radius which is inverse proportional
to the stress of a magnetic/electric field.
Acceleration of cosmological expansion and dynamical closure of flat and open mod-
els. As it was mentioned above, on the axis of symmetry (θ = 0, π) the metrics (13)
at any time t coincides with the corresponding metrics of Friedmann solutions. Due to
the presence in all metric components of the factor Λ2, besides gϕϕ, the cosmological
expansion outside the axis θ 6= 0, π goes faster than in the corresponding Friedmann
models in all spatial directions across the magnetic field.
An interesting phenomena can be seen in these space-times, if we consider the
character of the cosmological expansion along the magnetic line circles. In contrast
with the directions across the magnetic field, the expansion along the magnetic field
lines goes more slowly than in the Friedmann models due to the presence of the factor
Λ−2 in gϕϕ. At earlier stage of the cosmological expansion, the lengths of magnetic
line circles, considered as functions of time for finite comoving “radius” χ, grows with
time. However, later even in flat and open models, the decelerated expansion along
the magnetic field lines (ϕ-lines with χ = const) changes to a contraction: the lengths
of ϕ-circles with given comoving “radius” χ pass through a maximum and then begins
to decrease with time and vanishes asymptotically for t → ∞, while the cosmological
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expansion in other spatial directions in flat and open models continues until t = ∞
and the actual “radius” of these circles will continue to grow with acceleration. This
means that under the influence of electromagnetic fields (16) on the dynamics of these
universes, their space-times suffer partial dynamical closure.
Speculatively, it seems interesting to note that in our models the acceleration of
the cosmological expansion take place in almost all radial directions from the observer,
located somewhere in the region where the electromagnetic fields are concentrated, and
it can be measured by some “ordinary” methods, while the behaviour in time of the
lengths of the circles of very large radius can be much more difficult to be measured
and this can happen to be out of the observers’ attention.
Concluding remarks
(1) The metrics (1) depend on three coordinates t, χ and θ and obviously admit the
Killing vector field ξϕ = ∂/∂ϕ. Just with this Killing vector field we have associated the
Ernst potentials and their Harrison transformation used in our construction. However,
the Friedmann metrics admit other isometries and in particular, another one, say ξψ
commuting with ξϕ. For a benefit of the readers, we recall here the known transfor-
mation of coordinates (see, for example, [7]) which leads to the forms of Friedmann
universes which depend on two coordinates only. Namely, the coordinate transforma-
tion {χ, θ} → {x, ψ} determined by the expressions
{
S(χ) sin θ = X(x),
S(χ) cos θ = X ′(x)Y (ψ),
{X(x), Y (ψ)} =


{sinh x, sinhψ}, k = −1,
{x, ψ}, k = 0,
{sin x, sinψ}, k = 1.
leads from the metrics (1) to the metrics which depend only on t and x
ds2 = a2(t)
[
dt2 − dx2 −X2(x) dϕ2 −X ′2(x) dψ2
]
and obviously admit two commuting isometries ξϕ = ∂/∂ϕ and ξψ = ∂/∂ψ. Using the
formalism described above, we can associate the Ernst potentials and their Harrison
transformation not with ξϕ only (as it was done in this paper) but with arbitrary
linear combination of these two Killing vector fields. This will lead to the solutions
which describe the Friedmann universes deformed by electromagnetic fields of more
complicate and, probably, more rich and interesting structures.
(2) As we have seen in this paper, even a simple scalar field (which was alterna-
tively interpreted here as the potential for the stiff fluid motion) can play an important
role in the evolution of the universe. In the modern literature, various gravity models
(e.g., string gravity and supergravity models) are considered in four and higher dimen-
sions. The symmetry reductions of these models include a large number of “moduli
fields” - the scalar fields of different structures and couplings as well as various gauge
fields. These (symmetry reduced) models admit a large number of “hidden” symme-
tries. Many of these symmetries (including the Harrison-type transformations) were
used by different authors for constructing various charged black hole solutions in these
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models (“charging transformations”). Our present construction shows that similar
transformations can give rise to simple exact solutions which describe the evolution of
various cosmological models in these theories under the influence of various (spatially
non-singular) scalar and gauge fields.
(3) To conclude our discussion of the solutions constructed in this paper, it is neces-
sary to mention that it is difficult to assign to these solutions immediate astrophysical
interpretation as relevant to our Universe. This is caused mainly by two important cir-
cumstances: the “exotic” character of used equation of state p = ε and an existence of
tremendous observational restrictions on the possible anisotropy of our Universe. Con-
cerning the first one, as it was already mentioned in the introduction, this equation
of state was used for pure technical reason - to get the field equations which possess
the “hidden” symmetries including the Harrison transformations, but in the presence
of the ideal fluid which “supports” Friedmann cosmological background. However, one
may expect that the presence of electromagnetic fields in the universes with more real-
istic matter equations of state may give rise to similar physical phenomena caused by
nonlinear interaction of gravitational and electromagnetic fields, which we can study
in our solutions in many details.
What about the observationally restricted possibility for our universe to be anisotropic
due to existence of primordial magnetic fields, it seems that this is the most interest-
ing property of the solutions constructed here that the influence of initially presenting
magnetic fields (even enough strong ones) can be almost negligible at the very begin-
ning of the evolution of such universe, what allows the initial geometry of the universe
to be homogeneous and isotropic, but this influence can become much more significant
at later stages of its evolution.
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